In this article, we give a particular recreational application of two integer sequences. These sequences are respectively the sequence A000533 and sequence A261544 in "The On-line Encyclopedia of Integer Sequences" (OEIS).
Introduction
We begin this section by considering some brief introductory information on the OEIS. We then discuss the two integer sequences under study. Finally, we present the Repetitious Number Puzzle of Gardner that will serve as the "source" of the recreational application.
The OEIS
The OEIS is an on-line collection of over quarter-million number sequences initiated by Neil J.A. Sloane in early 1964 [1] .
It mainly aims to "allow mathematicians or other scientists to find out if some sequence that turns up in their research has ever been seen before. If it has, they may find that the problem they're working on has already been solved, or partially solved, by someone else. Or they may find that the sequence showed up in some other situation, which may show them an unexpected relationship between their problem and something else. Another purpose is to have an easily accessible database of important, but difficult to compute, sequences." [2] A particular example of important but difficult to compute sequence in the OEIS is the sequence of Mersenne primes [3] . The existence of which is equivalent to the existence of an even perfect number and the largest known prime number [4] .
Two Integer Sequences in the OEIS
We now turn our attention to the two sequences in the OEIS. They are the sequences A000533 and A261544.
The sequence A000533 [5] in the OEIS is the sequence defined by a(0) = 1 a(n) = 10 n + 1, n ≥ 1.
Its first 15 terms are: We remark that "a(1) = 11 and a(2) = 101 are the only prime terms of the sequence up to n = 100 000" [5] , as verified by Daniel Arribas. Also, it is unknown whether there are other prime terms in the sequence.
The sequence A261544 [6] on the otherhand is the sequence defined by
Its first 10 terms are:
1, 1001, 1001001, 1001001001, 1001001001001, 1001001001001001, 1001001001001001001, 1001001001001001001001, 1001001001001001001001001, 1001001001001001001001001001,. . ..
It can be verified that unlike the first sequence, the terms of this sequence are all composite except for the zeroth term "1". A complete solution to this claim may be viewed in [7] .
With the two sequences in the OEIS already introduced, we are now ready to consider the Repetitious Number Puzzle.
The Repetitious Number Puzzle
In his book "The Second Scientific American Book of Mathematical Puzzles and Diversions (1961)" [8] , Martin Gardner presented the puzzle given below:
" The Repetitious Number. An unusual parlor trick is performed as follows. Ask spectator A to jot down any three-digit number, and then to repeat the digits in the same order to make a six-digit number (e.g., 394 394). With your back turned so that you cannot see the number, ask A to pass the sheet of paper to spectator B, who is requested to divide the number by 7.
Dont worry about the remainder, you tell him, because there won't be any. B is surprised to discover that you are right (e.g., 394 394 divided by 7 is 56 342). Without telling you the result, he passes it on to spectator C, who is told to divide it by 11. Once again you state that there will be no remainder, and this also proves correct (56 342 divided by 11 is 5 122).
With your back still turned, and no knowledge whatever of the figures obtained by these computations, you direct a fourth spectator D, to divide the last result by 13. Again the division comes out even (5 122 divided by 13 is 394). This final result is written on a slip of paper which is folded and handed to you. Without opening it you pass it on to spectator A.
Open this, you tell him, and you will find your original three-digit number.
Prove that the trick cannot fail to work regardless of the digits chosen by the first spectator."
This puzzle was originally written by Yakov Perelman in his book "Figures for Fun Stories, Puzzles and Conundrums (1957)" [9] .
In section 3, we present the solution of the puzzle and state some important questions necessary for its extension. For the mean time we discuss some important notations and mathematical concepts needed in understanding the solution of the puzzle and its extension.
Preliminaries

Some Terms and Notations
The following terms will be encountered in the succeeding sections of this article. To fully understand the concepts being discussed, we consider some examples. 
Essential Mathematical Concepts
For completeness, we recall some essential concepts in elementary Number Theory. The property of divisibility given below is important. The proof of Lemma 2.10 follows directly from the definition of divisibility and is standard in any elementary Number Theory textbooks. Letting x = y = 1 we arrive at the the corollary given below. 
After a brief recall in some essential results in Elementary Number Theory, we are now ready to present the solution of the "Repetitious Number Puzzle".
Solution of the Repetitious Number Puzzle
The solution discussed in this subsection is due to the solution presented in [8] .
Any three digit number takes the form 
Repeating the digits in the same order yields the six-digit integer
From Example 2.18, 1001 can be expressed as a product of primes 7, 11 and 13. Hence 7, 11 and 13
In lieu of Lemma 2.13, we have
Next, we consider the integer 11
So, dividing the integer 11
Finally, we consider the integer 13
Note that this integer can be written as 
We now present our results in the next section.
Results
Recreational Application of the Sequence A000533
The goal of this subsection is to show that the k th term a(k) of the sequence A000533 divides the 2k−digit repetitive number n generated by g with l(g) = k. Hence, when a k − digit number g is duplicated resulting to n, dividing n with the prime factors of a(k) gives the original number g. This result is due to 
Proof. Given a repetitive number
In particular n can be expressed as the sum
, by Corollary 2.11 we have
So, g | n.
After factoring out the common factor g in both summands we have
By the Fundamental Theorem of Arithmetic (Lemma 2.17), a(k) is either a prime or a product of primes. If a(k) is prime, then the finite sequence of divisors to be divided to n to become g is a(k) itself. If a(k) is non-prime then the finite sequence of divisors to be divided to n to become g is the finite sequence whose terms are the prime divisors of a(k).
The proof of Theorem 3.1 gives us a method on solving a particular extension of the repetitious number puzzle.
Problem. Suppose that in the repetitious number puzzle spectator A was asked to write down any k−digit positive integer. To what sequence of numbers does the resulting 2k−digit number be divided in order to return to the original k−digit number?
Solution. Let g be the k−digit positive integer and let n be the resulting 2k−digit number. Note that n is a repetitive number generated by g of length k with replication number 2. That is, n = g 2 with l(g) = k. Using the result contained in the proof of Theorem 3.1, we must divide n by the prime divisors of 1 00 . . . Table 1 . Generated using Wolfram Alpha), gives the original number g = 451 220 125.
Recreational Application of the Sequence A261544
The goal of this subsection is to show that the (r −1) st term b(r −1) of the sequence A261544 divides the 3r − digit repetitive number n generated by g with l(g) = 3. Hence, when a 3 − digit number g is replicated r-times resulting to n, dividing n with the prime factors of b(r − 1) gives the original number g. This result is due to Proof. Given a repetitive number n = (d 1 d 2 d 3 ) r , we express it as a sum of r positive integers both divisible by g = d 1 d 2 d 3 . In particular n can be expressed as the sum
Note that since g | g and g
Factoring out the common factor g in all of the summands we have n = g × (1(0) 3(r−1) + 1(0) 3(r−2) + . . . + 1(0) 3(r−r) ) = g × b(r − 1). By the Fundamental Theorem of Arithmetic (Lemma 2.17), b(r − 1) is either a prime or a product of primes. However, we know that (except for the zeroth term) the terms of the sequence A261544 are all composite. So the finite sequence of divisors to be divided to n to become g is the finite sequence whose terms are the prime divisors of b(r − 1).
The proof of Theorem 3.2 gives us a method on solving another particular extension of the repetitious number puzzle.
Problem. Suppose that in the repetitious number puzzle spectator A was asked to write down any 3−digit positive integer and replicate it r−times. To what sequence of numbers does the resulting 3r−digit number be divided in order to return to the original 3−digit number?
Solution. Let g be the 3−digit positive integer and let n be the resulting 3r−digit number. Note that n is a repetitive number generated by g of length 3 with replication number r. That is, n = g r with l(g) = 3. Using the result contained in the proof of Theorem 3.2, we must divide n by the prime divisors of b(r − 1), the (r − 1) st term of the sequence A261544 in order to return to the original number g. Table 2 . Generated using Wolfram Alpha), gives the original number g = 721.
Generalized Repetitious Number Puzzle
In this subsection, we generalize the repetitious number puzzle by allowing spectator A to write down any j−digit number and replicate it r−times to generate the integer n = g r with l(g) = j. The generalization is given in the next theorem. Proof. Given a repetitive number n = (d 1 d 2 . . . d j ) r , we express it as a sum of r positive integers both divisible by g = d 1 d 2 . . . d j . In particular n can be expressed as the sum
Factoring out the common factor g in all of the summands we have
By the Fundamental Theorem of Arithmetic (Lemma 2.17), 1(0) j−1 r−1 1 is either a prime or a product of primes. If 1(0) j−1 r−1 1 is prime, then the finite sequence of divisors to be divided to n to become g is 1(0) j−1 r−1 1 itself. If 1(0) j−1 r−1 1 is non-prime then the finite sequence of divisors to be divided to n to become g is the finite sequence whose terms are the prime divisors of 1(0) j−1 r−1 1.
Theorem 3.5 proves the validity of a Grade 7 teacher's clever way in verifying if his students correctly performed a sequence of division. Denote by A n the answer of student n. Suppose that the process continues with the following given (See Table 3 . Generated using Wolfram Alpha):
• S7 performs A 6 ÷ 641
• S8 performs A 7 ÷ 1 409
• S9 performs A 8 ÷ 69 857
• S10 performs A 9 ÷ 5 882 353. 3.4 The ( j, r) Co-divisor Number and the ( j, r) Co-divisor Sequences
Sir
We learned from the previous subsection that given a repetitive number n = (
The number 1(0) j−1 r−1 1 due to its importance will be named and defined formally in the next definition. Hence, the (3, 2) co-divisor of 394 relative to 394 394 is 1 001. In general, given any positive integer g of length 3 when duplicated has the ( j, r) co-divisor of 1 001.
Remark 3.10. To avoid redundancy, we drop the words "relative to n" in determining the ( j, r) co-divisor of g. This is because the ( j, r) co-divisor of an integer g is completely determined by the length of g which is j and the number of replications performed in g which is r.
Example 3.11. In Example 3.2, the (9, 2) co-divisor of 451 220 125 is 1 000 000 001. In general, any positive integer g of length 9 when duplicated has the ( j, r) codivisor of 1 000 000 001. The concept of ( j, r) co-divisor allows us to view the sequence A000533 and the sequence A261544 in the OEIS as a particular member of a family of sequence which we call ( j, r) co-divisor sequences.
In particular, if we let s( j, r) = 1(0) j−1 r−1 1 we have We end this subsection and section by saying that further studies on the ( j, r) co-divisor number and the ( j, r) co-divisor sequences and their applications are recommended.
Conclusion
In this article, we discussed the Repetitious Number Puzzle and its solution. We established that the Repetitious Number Puzzle is equivalent to the problem:
Given a positive integer generator g of length j that is to be replicated r−times resulting to the integer n of length jr, by what prime numbers must n be divided such that upon dividing n by all of the prime numbers gives back g?
where the length of g is 3 and the number of replication r is 2.
We then provide a generalization to the puzzle by first taking j ≥ 3. We showed that the solution to the puzzle when j ≥ 3 is given by the prime divisors of a( j) where a( j) is the j th term of the sequence A000533. Then fixing j = 3, we consider r ≥ 2. In this case, we showed that the solution to the puzzle when j = 3 and r ≥ 2 is given by the prime divisors of b(r − 1) where b(r − 1) is the (r − 1) st term of the sequence A261544.
For the general case where j ≥ 3 and r ≥ 2, we showed that the solution to the puzzle is given by the prime divisors of the ( j, r) co-divisor number 1(0) j−1 r−1 1. The concept of ( j, r) co-divisor number allowed the possibility to view the sequence A000533 and the sequence A261544 in the OEIS as a particular member of a family of sequence which we call ( j, r) co-divisor sequences. Further studies on on the ( j, r) co-divisor number and the ( j, r) co-divisor sequences and their applications are then recommended.
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